A classical theory of general relativity in the 4-dimensional space time is formulated as a ChernWeil topological theory. An Einstein-Hilbert gravitational action is shown to be invariant with respect to a novel translation (co-translation) operator up to total derivative, and thus a topological invariant of the second Chern class exists due to the Chern-Weil theorem. With a topological insight, fundamental forms are introduced as a principal bundle of a space time manifold. Canonical quantization of the system is performed in a Heisenberg picture using the Nakanishi-Kugo-Ojima formalism. A complete set of the quantum Lagrangian and BRS transformations including auxiliary and ghost fields is given in a self-consistent manner. An appropriate Hilbert space and physical states are introduced into the theory, and the positivity of the physical states and the unitarity of the transition matrix are ensured by the Kugo-Ojima theorem. A non-renormalizability of quantum gravity is reconsidered under the formulation proposed in this study. * yoshimasa.kurihara@kek.jp
I. INTRODUCTION
The theory of general relativity is one of the most fundamental theories treating the space time structure of the universe itself, and the correctness of general relativity has been established by many experiments. In particular, new evidence owing to the seminal discovery of gravitational waves was added in 2016 [1] . On the other hand, at the microscopic level, nature is described by quantum mechanics. The standard theory of particle physics based on the quantum field theory is shown to be well-established by the discovery of the Higgs boson [2, 3] . Thus, our understanding of nature covers a wide range of length scale from the large-scale structure of the universe to the microscopic behavior of sub-atomic elements.
However, these two fundamental theories, general relativity and quantum field theory, are not consistent. A construction of a quantum theory of gravity is one of the most fundamental goal of present physics.
Here, the "quantum theory of gravity" is understood as: 1) a theory which can describe the behavior of (4-dimensional) space-time in the region where the uncertainty principle becomes essential (≈ the Planck-length), 2) a theory which is consistent with well-established general relativity at a large scale, and 3) a theory which can give experimentally measurable predictions. Immediately after an establishment of general relativity and quantum mechanics in 1920's, construction of quantum gravity was started on 1930's. (A history of quantization of general relativity is beyond the scope of this report. For detailed history, see [4, 5] and references therein. .) There are three main-streams of the quantization [4] : 1) Covariant perturbative approach [6] : Following the successful method of the QED, a small fluctuation from the flat Minkowski space is treated as a perturbation, then the Feynman rule of gravitational interaction is derived. This method was slowing down after a discovery of non-renormalizability of thees theories [7] , and it becomes active again after appearing the super-string theoretical approach. 2) Canonical quantization of the metric tensor [8] [9] [10] :
The metric tensor is treated as a dynamical variable and interpreted as an operator, and then it is quantized using the canonical method by requiring the commutation relations.
The quantum equation of motion is obtained as the deWitte-Wheeler equation [8] . This approach is also slowing down because the deWitte-Wheeer equation is not mathematically well-defined, and recently it is renovated as loop-gravity [11] and developments are still continuing. 3) Path-integration quantization: When the path-integration method is simply applied to gravity, non-renormalizable infinities appear as the same as the first approach. A spin-network method [12] can be categorized as this approach. In despite of the decades of intensive efforts on quantization, a widely accepted theory that satisfies above requirements
does not yet exist.
In contrast to the 4-dimensional case, it is known that quantum gravity exists in the (1 + 2)-dimensional space as a Chern-Simons topological theory [13] , that is renormalizable and does not exhibit dynamics [14] . We note that 3-dimensional general relativity does not have any dynamic degree of freedom even at a classical level. In [14] , Witten mentioned the following two points: firstly the existence of quantum gravity is due to an accidental feature of the 3-dimensional case in which the invariant quadratic form exists, and secondly the non-renormalizability of quantum gravity in 4-dimensions is essentially due to the absence of the invariant quadratic that allows us to understand the short-distance limit of space time as trivial zero-energy solutions. Actuary, it is known that a Chern-Simons action can give a topological invariant only in odd-dimensional spaces [15] .
While, at first glance, it seems hopeless to construct quantum general relativity using a Chern-Simons form on the 4-dimensional space time, we have found a novel symmetry, which is referred to as the co-Poincaré symmetry [16] , allows us to construct general relativity as a Chern-Weil theory on a 4-dimensional space time manifold. This new symmetry is one extended a translation symmetry, and when it is applied on a pure gravitational Lagrangian without a cosmological term, it induces only a total derivative term. In this study, we show that the invariant quadratic can be defined in the 4-dimensional space time by introducing a Lie algebra of the co-Poincaré group and the Einstein-Hilbert gravitational Lagrangian can be defined as a second Chern class, when there is no cosmological term.
Our approach for quantization is based on the second category "canonical quantization of the metric tensor" in the above list for quantization approaches. In this quantization method, the subject to be quantized is not the space time itself, and thus the space time coordinate x µ is not q-number (operator), but c-number [17, 18] . The subject for quantization is a solution of the Einstein equation g µν (x). In classical general relativity, the geometrical metric tensor g µν (x) , that is nothing other than the Einstein's equivalent principle. In a quantum level, this relation is not simply fulfilled. The geometrical metric tensor will be given as an expected value of the quantum metric tensor g µν (x) . An outline of our method is as follows; We are starting from the Einstein-Hilbert action of general relativity that has the co-Poincaré symmetry and principal bundle induced by this symmetry. As a result, the fundamental forms can be identified as the spin and surface forms, which will be defined in this article. Based on the fundamental forms, the Nakanishi-KugoOjima covariant quantization is performed, and the complete set of the quantum Lagrangian, equations of motion, BRS transformations and BRS charges for pure gravity is given. As the consequence of quantization, a scattering matrix must fulfill the Kugo-Ojima theorem.
This article is organized as follows: In section II, mathematical preliminaries of differential geometry are introduced in order to explain our terminologies and conventions. Standard formalism of a gravitational Lagrangian and geometrical structure of a principal (Poincaré) bundle are also introduced in this section in contrast to our novel topological approach.
New translation operator is introduced in section III. It is shown that an Einstein-Hilbert Lagrangian can be recognized as a second Chern class under co-Poincaé symmetry in this section. With a topological insight given here, appropriate fundamental variables (forms) for a Hamiltonian formalism are introduced at the end of this section. An explicit formulation of canonical quantization of the general relativity using the Nakanishi-Kugo-Ojima formalism [17] is performed in section IV. Section V is devoted for discussions how to construct an appropriate Hilbert space and physical states on it. In consequence, it is shown that the unitarity of the quantum gravitational S-matrix ensured due to the Kugo-Ojima theorem [19, 20] . A renormalizability of our Cher-Weil general relativity is also discussed in section V. At the end, a summary of this study is given in section VI.
II. PRELIMINARIES
First, standard classical general relativity is geometrically re-formulated in terms of a vierbein formalism according to Ref. [21, 22] 
We note that these two base vectors are taken to dual each other such as dx µ ∂ ν = δ µ ν . The tensor product is defined as an ordered pair of two vectors as α ⊗ β for vectors α and β on the tangent space, and it is a rank-2 tensor. Higher rank tensors can be constructed as well. A rank-p tensor space on a manifold • is denoted as V p (•) in this study. The wedge product is defined as an antisymmetrization of a tensor product as
We note that the same symbol "∧" is used as the antisymmetric tensor-product on both tangent and cotangent spaces. A vector on the cotangent space is named a 1-form, and wedge products of p cotangent-vectors are named a p-form. A scalar function is categorized as a 0-form. A space of p-forms is denoted
, is introduced as a standard manner, e.g. for a form a := a µ dx µ , da :
The Einstein's convention for repeated indices are used throughout this study. When the external derivative is applied on a 0-form (function) f (x µ ), it gives a total derivative of a function such as df (x µ ) = (∂ ν f (x µ ))dx ν , and it is a 1-form. Forms are represented using a
Fraktur letters "A, a, B, b, C, c · · · " in this study, as already used above.
The "dot-product" between a form and vector is represented using the standard coordinate
A result of dot-product is independent of choice of the coordinate system, when dual bases are used on TM and T * M .
General relativity is constructed on a 4-dimensional (pseudo) Riemannian manifold M with a metric tensor g µν . A line element can be expressed as
Because the affine connection Γ ρ µν is not a tensor, it is always possible to find a frame in which the affine connection vanishes as Γ A SO(1, 3) invariant coordinate-transformation Λ forms an automorphism group referred to as the Lorentz transformation, and it is represented as;
where Λ is the Lorentz transformation matrix. A notation [•] shows a component of a tensor, form, or matrix •, and it is used throughout this study. A map E : M → M : g → η is a kind of general coordinate-transformations (diffeomorphism), and is represented using a standard coordinate on any chart of M as; 
where a ∈ Ω p and ǫ is a completely anti-symmetric tensor in n-dimensions. It follows the relation a = a, when a is anti-symmetric with respect to all indices. The surface form can be expressed using this expression as S ab = e a ∧ e b . We note that this operator is totally different from the Hodge- * operator. In contrast with that the Hodge- * operator maps a p-form to (n−p)-form, this operator, which is referred to as the bar-dual operator in this study, maps a rank-p tensor to a rank-(n − p) tensor with keeping a rank of a form as
We note that the Hodge- * operator is not appropriate for constructing general relativity because the metric tensor is hidden in its definition.
B. Lagrangian formalism
The Lagrangian form of gravity that reproduces the Einstein equation without matter fields can be written as
where Λ is the cosmological constant. While this Lagrangian form is invariant under the general coordinate transformation and the local SO(1, 3) transformation, it is not invariant under a local translation. We will discuss this point in detail later in a next section. On the local Lorentz manifold, number of independent components of the Lagrangian form is ten, of which, six components are from the curvature 2-form and four components are from the vierbein forms. These degrees of freedom (d.o.f.) correspond to the total number of d.o.f. from the Poincarè group. The Lagrangian form is now treated as a functional with two independent forms, {w ab , e c }, and is taken to vary independently. This method is commonly known as the Palatini method [23, 24] . The gravitational action is introduced as the integration of the Lagrangian such that
The integration region Σ is taken to be an entire space of M , for instance.
The equations of motion with respect to the two independent functions (spin and vierbein forms) can be obtained by requiring a stationary condition for the variation of the action for each form separately. From the variation with respect to the spin form, an equation of motion,
can be obtained, which is referred to as the torsion less condition. The torsion less condition is obtained from the solution of the equation of motion, rather than being an independent constraint on the manifold. This equation of motion includes six independent equations, which is the same as the number of the independent components of the spin form. Therefore, the spin form can be uniquely determined from (5) when the vierbein forms are given. Next, taking the variation with respect to the vierbein form, one can obtain an equation of motion as;
This is the Einstein equation without any matter fields. The curvature and vierbein forms can be uniquely determined by simultaneously solving the equations of motion (5) and (6) as a quotient set of GL(1, 3) diffeomorphism. The Planck unit (c = = 4πG = 1) is employed hereafter.
C. Form-tensor duality
Classical general relativity can be represented simply and clearly in a covariant manner using differential forms as shown in previous section. This representation is referred to as the cotangent representation because differential forms are defined on a cotangent bundle T *
M.
While the cotangent representation is suitable for a formal discussion due to its simplicity of the expression, it is not convenient for concrete calculations. On the other hand, a tensor representation on a tangent bundle TM is suitable for concrete calculations, and it is referred to as the tangent representation, hereafter. A relation between these two representations is discussed in this section.
A scalar function valued p-form a ∈ Ω p ⊗ V 0 (TM) is considered here. The dual tensor
A of the form a is introduced through a map V :
A form a can be expanded using a standard base on T * M as; a =:
We note that α a 1 ···ap is completely antisymmetric with respect to its lower suffixes. A rank-p tensor A ∈ V p can be introduced using these expansion coefficients as;
We note that symmetric components of the tensor A does not appear due to antisymmetry of the coefficient α a 1 ···ap . This map uniquely gives the dual tensor independently from a choice of coordinate system. A dot product between the form and its dual vector is given as
which is the length of the vector A, and thus it is SO (1, 3) invariant.
An external derivative of a ∈ Ω p ⊗ V 0 (TM) can be written as;
where
and thus da is a (p+1)-form and its dual is a rank-(p+1) tensor. On the other hand, an external derivative for the dual vector A can be obtained as
Therefore, one can confirm a diagram that;
This diagram can be straightforwardly extended for a rank-q tensor valued p-forms applying it to each tensor component. E.g., the curvature 2-form R ab ∈ Ω 2 ∩V 2 (TM) can be expanded as;
where R ab c 1 c 2 is the equivalent to the standard Riemann curvature tensor. The Einstein equation on the cotangent bundle can be translated into that on the tangent bundle as;
where G ab is a rank-2 tensor referred to as the Einstein tensor defined as;
and vector-valued three-form, and thus it can be written as;
where [RE a ] bcd is an expansion coefficient of the form ǫ a··· R ·· ∧ e · , and RE a is completely anti-symmetric rank-three tensor. There are four such forms according to a = 0, 1, 2, 3 and they are not independent each other, and it forms a completely antisymmetric rank-4 tensor A functional derivative with respect to a form can be understand as follows: A 1-forms
and a functional of that f(a a 1 a 2 ) are considered as an example.
On the tangent space TM, a functional derivative with respect to a tensor function can be understand as an operation such as; δ δα
. This operator often appears in the quantum field theory, and it is independent of a choice of coordinate systems. A functional derivative on the cotangent space T * M can be defined as;
where ι a is a contraction with respect to a base vector ∂ a such as ι a e b = δ b a . This is also a coordinate independent when dual bases are used. It can be extended straightforwardly to more general cases such as a ∈ Ω p ⊗ V q . Direct calculations can show that a formal operation, e.g.,
gives a consistent result with that in the tangent representation. We note that (ι
.
D. Poincaé bundle
The general relativity described above can be seen as a geometric theory of the manifold with a global GL(1, 3) symmetry equipped with the local Poincaré bundle as the principal bundle. Let us introduce the generators P a for t(4) and J ab for so (1, 3) . The commutation relations of the standard Lie algebra of iso(1, 3) are given as follows;
According to these generators, the principal (Poincaré) connection can be introduced as follows;
A curvature 2-form based on the principal connection can be expressed as follows;
III. NEW TOPOLOGICAL FORMULATION
So far we introduced a standard formalism of general relativity in terms of differential geometry. While the vierbein form can be considered as a gauge field of a local translation symmetry, general relativity cannot be interpreted as a ISO(1, 3) gauge theory, because the Lagrangian does not keep ISO(1, 3) symmetry. In this section, we introduce a new translation operator, under which the Lagrangian is invariant up to a total derivative. Under this novel symmetry, an Einstein-Hilbert Lagrangian is interpreted as the topological invariant of the second Chern class. The mathematical details in this section can be found in Ref. [16] .
A. Co-translation operator
As pointed out by Witten [14] , there is no invariant quadratic-form, and the second Chern In contrast with the 4-dimensional case, the Einstein-Hilbert action in (1 + 2)-dimension is translation invariant [14] , and the translation only induces a total derivative on the Lagrangian form [15] .
To realize the same trick in the 4-dimensional theory, we introduce a new operator defined as;
where ι a is a contraction with respect to the vector field
it is defined as
This operator is referred to as co-translation hereafter. The Lie algebra associated with the co-translation can be expressed as follows:
and (10) . The invariant quadratics corresponding to the Lie algebra are now found to be
The principal connection can be obtained as;
where the lowering and raising of the Roman indices are done using the Lorentz metric.
This connection is referred as co-Poincaré connection hereafter.
We note that the second term of (19) is also a one-form because the contraction maps p-forms to (p−1)-forms. The curvature 2-form due to the co-Poincaré connection is given by
The second Chern class can be constructed from the invariant quadratics (17), (18) 
trivial chart. A derivative of the map Dϕ acts on T 4 as;
where τ and τ −1 are respectively any non-singular (4×4)-matrix and its inverse, and I 4 is a (4×4)-identity matrix. Because the map Dϕ keeps a rank of a matrix, the map ϕ is immersion, and thus Dϕ is a map on the tangent bundle such as Dϕ :
The second Chern class can be express as;
where the Bianchi identity (2) 
and it is nothing more than the Einstein action (4) in the 4-dimensional space time without the cosmological term. This Lagrangian, L CW , is referred to as the Chern-Weil Lagrangian in this study because this topological invariant can be understood as the result of a ChernWeil theory [16, 25] . In conclusion, we have confirmed that the Einstein-Hilbert gravitational action in the 4-dimensional space time is the topological invariant of the second Chern class.
Our formalism can be categorized as a topological theory. (Here, the topological theory does not mean the "topological field theory" whose correlation function is independent from the metric tensor. In this report, the "topological theory" means the theory with conserved topological (characteristic) classes. ) Because several theories which have an invariant characteristic class are know and investigated intensively, a brief explanation of the topological theory is summarized in Appendix A.
Next the co-translation δ CT of the Lagrangian is considered. A co-translation operator defined as δ CT = ε 1/2 ξ a δ T ι a induces a transformation on the fundamental forms as follows:
where ε ∈ R + is (positive real) infinitesimal parameter, δ T is the translation operator which
is a vector introduced in (14) . A result of the co-translation operator on the Lagrangian form can be obtained as follows:
which is a total derivative. A relation (26) does not depend on a choice of ξ's. In conclusion, it is confirmed that the Einstein-Hilbert Lagrangian without neither the cosmological constant nor matter fields are invariant under the co-translation up to the total derivative.
Due to the co-translation symmetry, the 4-dimensional general relativity can have a topological invariant of a second Chern class when there is no cosmological term. We note that the cosmological term cannot appear in the action under the invariant quadratic of (18), because a term v = S ·· ∧S ·· has no co-translation symmetry. To implement the cosmological term by means of the second Chern class, we have to use an invariant quadratic such as P ab , P cd = 0. In reality, for orthogonal groups in 4-dimension, there are two isomorphisms such as SO(4) ≃ SU (2) × SU (2), and SO(2, 2) ≃ SL(2, R) × SL(2, L). The second splitting induces the invariant quadratic with P ab , P cd = 0. However, one must use a complex representation for the second splitting in the case of the SO(1, 3) group. It is known that the complexified theory may lead to difficulties in the construction of the quantum Hilbert space [26] [27] [28] after the quantization of the theory. On the other hand, the three-dimensional theory has two sets of real invariant-quadratics [14] . Therefore, the gravitational theory in the (1 + 2)-dimension can treat both de Sitter and anti-de Sitter spaces as the topological theory.
B. Hamiltonian formalism
For the sake of the quantization of the theory, we rewrite the classical gravitation theory in the Hamiltonian formalism in a completely covariant way. The cosmological constant is set to be zero hereafter, because our interest is in the formulation of general relativity as a Chern-Weil theory. The inclusion of the cosmological constant in the Hamiltonian formalism is straightforward [22] , if a topological aspect is ignored. Based on discussions in a previous section, the covariant Hamiltonian formalism is introduced as follows: In the geometrical quantization method, the principal bundle is identified as the phase space of a dynamical system, and thus w can be identified as the first canonical variable. Then, the second canonical variable M (the canonical momentum) is introduced as;
Therefore, the two fundamental forms {w, M = S} form a phase space (fundamental forms), consistent with the previous observation. The Hamiltonian density can be obtained using the standard method as;
We note that this Hamiltonian density is not the local SO(1, 3) invariant because it depends on the spin form itself, which is not the Lorentz tensor. It is natural because the gravitational field can be eliminated at any point of the global manifold due to the Einstein's equivalence principle. Therefore, the energy of the gravitational field depends on the local coordinate.
For example, the energy of the gravitational wave is well-defined only in the asymptotically flat space time. A quantity ι a H G can be understood as an energy flow with respect to the direction of the vector ξ a in the flat asymptotic frame [29] .
The first canonical equations can then be obtained as;
where δ • /δS = (δ • /δe)(δS/δe) −1 is used. Thus we can obtain
The second canonical equations can then be obtained as;
The first equation ( The Poisson bracket can be introduced in the covariant formalism as;
where a and b are arbitrary forms. The Poisson brackets for the fundamental forms become
One can confirm easily that
where the Einstein equation and torsion less condition are used. The Hamiltonian form can be understood as a generator of a total derivative of a given form.
IV. CANONICAL QUANTIZATION
Quantum field theory of general relativity under the Kugo-Ojima formalism [19, 20] discussed by Nakanishi in a series of papers [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] and summarized in reports [17, 44] . It is self consistent, physically and mathematically rigorous, and very beautiful theory. We follow their method to quantize our topological theory in this section. While discussions in this section are highly technical, they are important to understand that our quantum general relativity is mathematically well-defined.
A. BRS-transformation
The Dirac's procedure of the canonical quantization for the field theories with restraint conditions, such as the Yang-Mills gauge theory, require to add supplementary terms to kill a unphysical degree of freedom, e.g. gauge fixing and Faddeev-Popov ghost terms.
After killing unphysical d.o.f., still a symmetry remains, i.e. the BRS-symmetry, in the Lagrangian. A systematic way to perform quantization for such a restraint system has been established by Nakanishi [45] , and Kugo and Ojima [19, 20] . The BRS-transformation of the general relativity is introduced according to their recipe [46, 47] .
Necessary auxiliary and Faddeev-Popov (anti-)ghost fields are introduced as;
• ghost fields: χ a b (x) and χ µ (x),
where x ∈ M . These fields are assumed to be Hermitian functions (operators). Herẽ
• is used to represent an anti-ghost, because a standard representation• is already used for another operator. Another reason why• is not used for the anti-ghost field here is that a relation between ghost and anti-ghost is not a particle-anti-particle relation, but are independent Hermitian-fields each other. The ghost field is considered to be factorized to two parts, a local Lorentz part χ Ref. [47] . First the BRS-transformation of the coordinate vector on M should respect the general linear-transformation as;
In addition to that, we require the postulate given in [47] such as;
where X is any field defined on T M . For differential forms on T * M , the BRS-transformation acts as;
Therefore, the BRS-transformation and external derivative are commute each other [47] , i.e.,
The BRS-transformation of above fields can be defined as;
The BRS transformation is assumed to follow the Leibniz rule as;
where the signature ǫ X = −1 when X ∈ {χ a b (x), χ µ (x),χ a µ b (x)}, and ǫ X = +1 otherwise. The BRS-transformation of vierbein and spin connection are defined as;
The BRS-transformation of the vierbein inverse E µ a can be obtained from
Accordingly, the BRS-transformation of the metric tensor and its inverse are obtained from above relations as;
Anti-symmetry of the ghost filed χ ab = −χ ba and symmetry of the metric tensor are used
here. The BRS-transformations of the vierbein and spin forms become
follows from above results. In response to above quantities, corresponding one-forms are introduced as;
which are named as "b-form" and "(anti-)ghost-form", respectively. Note that b ab and c a (c ab ) are anti-commutable (commutable), respectively. The BRS-transformations of those forms are given by
Moreover, the BRS-transformation of the vierbein form can be represented as;
One can easily confirm that the BRS-transformation is nilpotent for all forms and fields defined above by direct calculations. A proof of nilpotency for all necessary forms are given in Appendix B.
B. Quantum Lagrangian
We start from the Lagrangian of the classical gravity given in (3). The quantum Lagrangian can be obtained by adding gauge-fixing and Faddeev-Popov ghost terms to the Lagrangian for the classical gravity, i.e.
where L GF is referred to as the gauge-fixing Lagrangian form, and L F P is as the FaddeevPopov Lagrangian form. The quantum Lagrangian form must satisfy following conditions: A simplest candidate of the gauge-fixing form, which give the de Donder condition as a
Euler-Lagrange equation with respect to variation of the b-form is given as;
where α ∈ R is a gauge fixing parameter. In a practical sense, the α-term is vanished autonomously, i.e., αb has the same structure as the curvature form using the b-form instead of the spin from.
Therefore, a 4-form such as (db
Searching for the Feddeev-Popov ghost-Lagrangian, we note that the gauge-fixing Lagrangian can be represented as;
Therefore, if the Faddeev-Popov form is taken as;
a sum of gauge-fixing and Faddeev-Popov terms is BRS-null, because anti-ghost and surface forms are nilpotent. As the result, the Faddeev-Popov Lagrangian form can be obtained as;
The 
C. Commutation relations
From the quantum Lagrangian (43), the spin form w ab , and forms b a ,c ab defined by (42), the formal expressions of the commutation relation can be singled out as
where • is denoted the operator corresponding to the field or form •, hereafter. We note that δL QG /δb ab = S ab . We don't need to treat the form c a as the canonical variable. For later discussions, above commutation relations are rewritten by means of original fields instead of forms. First the commutation relations (46) and (47) are given by
They are still formal expressions with omitting a 2-dimensional integration measure in the right-hand side in order to avoid long expressions. Since these expressions are enough for following discussions, we use these formal expressions. To obtain the field-representation for (48) , some manipulations are necessary. The left had side of the (48) can be expressed as
Let us introduce matrix expressions as
Matrices ǫχǭ and {χ, S} are 4 × 4 matrices, whose elements are again 4 × 4 matrices. The commutation relation (48) can be express as
where I is a matrix expression of δ d that is also a 4 × 4 matrix of 4 × 4 matrices. If each element of matrix ǫχǭ is invertible, one can obtain the commutation relation of {χ, S} by applying the inverse matrix on (51) . In reality, the matrix is invertible except a diagonal part of the matrix. While the diagonal part shows ǫχǭ aa = 0, where 0 is 4 ×4 zero matrix, the diagonal part is not necessary for the inversion because the diagonal part of {χ, S} is also zero-matrix due to the antisymmetric of the surface form. Therefore, one can get a matrix inverse as;
where I and J are indices for each 4 × 4 matrix. Thus the commutation relation can be obtained as;
as the matrix representation. Each element of the matrix ǫχǭ
In summary, three non-zero commutation-relations (49), (50) and (52) 
D. BRS-charge
The Noether charge associated with the BRS-transformation can be constructed according to the recipe presented in [22] . The conserved Noether charge can be given by
where ξ µ a vector on T M . First, taking the auxiliary field as the vector field ξ µ , we get a conserved charge as;
and its BRS-transformation is;
All fields in the BRS-transformation, g, ∂χ, ω, and S, are nilpotent, therefore Q β is BRSnull due to the remark in section B. Next, the anti-ghost form is taken as the vector field ξ µ . As a consequence, the conserved charge can be obtained as;
The BRS-transformation of this charge is obtained as;
where a factor i/2 is just a convention. Then again by taking the BRS-transformation of this, one can get
where nilpotent of (gωS) is used. Therefore, the charge Qc is not nilpotent, but Qc is.
Since charges Q ξ is conserved [22] and external derivative and the BRS-transformation are commute each other as (38) , both charges are conserved as
where ξ =c, b. In conclusion, the two conserved charges Q b and Qc are obtained as
Moreover, the charge Q b is a generator of the BRS-transformation for operators, such as
where Ω is any operator and λ = i(−1) ± Qc [30] . Especially by taking Ω = Qb or Qc, one can obtain
A relation (54) 
V. DISCUSSIONS
In a previous section, we performed quantization of our theory according to the canonical method in details. In this section, we discuss physics based on quantum general relativity developed in a previous section. ǫ ab·· ω ·· µ ∈ ̟, respectively. A standard bilinear from w|w is defined as;
Under this bilinear from, the functional space ̟ can be regarded as the pseudo-Riemannian manifold with a metric tensor of;
A norm of the spin form w can be defined using the bilinear form as;
where Σ 2 is an appropriate 2-dimensional sub-manifold Σ 2 ⊂ M. A form dw ab is considered as a 1-from defined on ̟ whose coefficient functions are dω
external derivative of tensor components can be transformed to that of the corresponding forms as shown in (7). A element of the dual space ̟ is a linear combination of spin forms ω ab µ ∈ ̟, and thus factional spaces ̟ and ̟ are equivalent. Therefore, the Hilbert space can be taken as H = ̟, because the Gel'fand triple is now ̟ ⊆ H ⊆ ̟.
The commutation relations corresponding to the Poisson brackets (33) and (34) are
and (46) . The above expressions of the commutation relations are formal ones. More precisely, the representation of (46) must be understood as
Fixing σ = 0 (time coordinate) instead taking a sum and performs the integration with respect to dx 0 , one can obtain the standard equal-time commutation relation.
The operator can be taken as
reproducing the commutation relations (46) and (56). A Schrödinger equation becomes
where H G is the Hamiltonian operator corresponding to (28) , E G is the energy eigenvalue and |Ψ(ω) ∈ H. While the existence of the norm is ensured, the negative norm states w|w < 0 are still included in H, that corresponds to a negative energy state.
For an explicit discussion, a following simple (1 + 3) coordinate decomposition is considered: Assuming that the global space-time manifold is filled with congruence of geodesics whose tangent vector is time-like at any point on the line. A coordinate x 0 is taken along the time-like vector on those geodesics, and other three coordinates are taken as the orthonormal base. By using that coordinate system, the three-dimensional boundary is simply taken as a manifold at x 0 = τ (an equal-time boundary) and the state is written as |Ψ τ . The expectation value of the operator O can be represented as followsWe note that the operator O( w, S) cannot be determined uniquely from the classical function O (w, S) due to the non-commutativity of quantum operators. This problem is known as the operator ordering problem in general. The operator ordering problem in quantum general relativity is discussed in ref. [48] .:
For instance, the Hamiltonian operator has an expected value given as
which is the total energy in the universe on a three-dimensional space at given time defined above. A trivial ground-state of w ab = 0 exists with the eigenvalue of E G = 0. By also using the torsion less condition, one can obtain de a = 0, which means that the ground state corresponds to the flat Lorentz spacetime. This is one of general results for the Chern-Weil theory: the critical point of the Chern-Weil action gives a flat connection.
Due to an existence of BRS generators of (54), (55), and nilpotent of the BRS operator on forms, the physical state can be defined according to the Nakanishi-Kugo-Ojima formalism as
where |phys ∈ H phys ⊂ H. As a consequence, phys|phys ≥ 0 follows due to the KugoOjima theorem. A transition operator S is introduced such that the matrix element
gives the transition probability from the state |Ψ τ 1 at x 0 = τ 1 to another state |Ψ τ 2 at x 0 = τ 2 , where |Ψ τ 1,2 ∈ H phys and S is a functional constructed by the spin, surface, auxiliary, and Faddeev-Popov forms. Again the Kugo-Ojima theorem ensures the unitarity of this transition matrix [17] . In conclusion, we can state from above discussion that a time evolution of the universe should keep the unitarity of the state vector of quantum gravity.
B. Renormalizability
Renormalizability has not been discussed so far in this study because our quantization is carried out non-perturbatively. However, as is well-known, a simple power-counting shows that quantum general relativity is non-renormalizable. In reality, for the pure gravitational theory including neither matter fields nor a cosmological constant, the following facts are known by direct calculations: 't Hooft and Veltman confirmed that the on-shell S-matrix element of quantum general relativity is finite at one-loop [7] , however the theory is nonrenormalizable, if an interaction with scalar particles is included. On the other hand, Berends and Gastmans reported that the amplitude of the graviton-graviton scattering is not unitary even at that tree-level [49] . Beyond the one-loop level, Goroff and Sagnotti reported that the theory is non-renormalizable at a 2-loop [50, 51] .
Even though at first glance, the unitarity violation reported in [49] appears to contradict our results, this is not the case. First, the metric tensor or vierbein used to be a standard variable of the perturbation expansion. However, the appropriate phase-space variables as the Chern-Weil action in 4-dimensions are the spin and surface forms. The standard perturbation gravity has been using an improper expansion variable. Moreover, the covariant perturbation gravity, developed by DeWitt [9, 10] and used in studies to show the nonrenormalizability [7, [49] [50] [51] , uses the background field method, in which the metric tensor is separated into the (classical) background metric g µν and the quantum field h µν such as g µν → g µν +h µν . On the other hand, the ground state of the quantum Hamiltonian must have a zero-point energy due to the quantum effect. Even though quantum general relativity in the covariant perturbation method is non-renormalizable in previous studies, we cannot conclude that quantum general relativity itself is non-renormalizable [52] . Llewellyn Smith suggested that the renormalizability and the tree-level unitarity of the theory are equivalent [53] , as has been confirmed for some concrete examples, and with no exceptions reported to date. Since our formalism does not employ an interaction picture, but a Heisenberg picture instead, it is nothing to do with perturbative expansion with respect to a coupling constant. A method to solve quantum general relativity in a Heisenberg picture is discussed by Nakanishi and Abe, and summarized in Ref. [54] . There are still possibilities that a renormalizable perturbation of quantum general relativity exists.
VI. SUMMARY
In this study, we have re-formulated general relativity as a Chern-Weil theory on a 4-dimensional space-time manifold. In a standard formulation, there is no topological invariance of a Chern-Simons type in 4-dimensional space time because a translation invariant action cannot be constructed. A key idea to construct a topological invariant in an evendimensional space is using a co-translation instead of a simple translation. The EinsteinHilbert action can be identified a second Chern class and is invariant under the co-translation operation up to total derivative, when a cosmological constant does not exist.
The theory with topological invariants introduced in this report is different from (socalled) the topological quantum field theory (QTFT) [13, 55] , that is, simply put, the theory whose 2-point correlation function is given as to independent from the metric. As a consequence, there exhibit no dynamics. Quantum general relativity proposed in this report has the 4-dimensional Lagrangian given as the second Chern class in a five-dimensional manifold. As a consequence, the theory has topological invariants as the de Rham classes due to the Chern-Weil theory [25] , For instance, Zanelli shows a natural quantization of the gravitational constant on odd-dimensional spacetime using a Euler classes [56] . A similar analysis can be performed in a 4-dimension space time [22] .
This construction of the action integral suggests that a proper set of phase-space variables On a n-dimensional manifold M, a principal bundle P (M, G) is defined, where M is the base manifold and G is the structural Lie-group. The connection one-form A and the corresponding curvature 2-form F = dA + A ∧ A are equipped on the base manifold M. Here
A is a Lie-algebra valued one-form A ∈ g, where g is a Lie-algebra of the structural group G.
Chern-Simons topological theory
In 1988, Witten shows that general relativity in the (1 + 2)-dimensional space can be considered as a Chern-Simons topological theory [13] . The base manifold M is a Riemannian manifold with (1 + 2) space-time dimension and the structural group is ISO (1, 2) . The connection one-form and curvature 2-form can be respectively taken as A 0 and F 0 as (11) and (12) in the three-dimension. The action is given as;
where Σ 4 is an appropriate simply connected and orientable 4-dimensional manifold. The relation between Σ 4 and Σ 3 is the same as that in (22) . This is nothing other than the Einstein-Hilbert action [57] in three space-time dimension, and thus it is shown that general relativity can be constructed as the Chern-Simons topological theory. This coincidence is rather accidental only in the three dimensional space [15, 16] . While the Chern-Simins topological theory in three-dimension does not have any dynamical degree, this is not due to a topological aspect of the theory. From a simple counting of number of d.o.f., one can understand that the dynamical d.o.f. in three-dimensional general relativity is zero at the classical level.
BF topological theory
In 1977, the BF topological theory is introduced at first by Plebański [58] , while the term "BF theory" did not exist yet at that time. In 1989, Horowitz first treated general relativity of the BF theory as the topological theory in general n space-time dimension [59] . Review articles of the BF topological theory can be found in [60, 61] .
Some additional constraints are necessary to apply on the original BF topological theory to treat general relativity [58] . This constraint, called the simplicity condition, in four space time dimension is discussed by Gielen and Oritti [62] 
where φ abcd is a scalar symmetric traceless matrix. The simplicity condition appears as the equation of motion obtained by taking variation with respect to φ. After implementing the constraint term, the action I BF does not have a topological characteristic class any more. As one of solutions of the simplicity condition, the surface form e a ∧ e b can be taken as the 2-form B ab , and thus a shape of the BF action coincides with the Einstein-Hilbert action. This coincidence of the shape of the action is true only for solutions of the equation of motion (on-shell condition) in the classical level, and the on-shell condition cannot be simply true after quantization of the BF theory. This is the reason why quantization of the BF gravitational theory is complicated [63] . In addition, the spin form (spin connection) is not treated as a fundamental form as a canonical conjugate of B ab in quantization of the BF theory. As a consequence, a quantum BF theory is different from the quantum theory proposed in this article.
Chern-Weil topological theory
This is the theory intrduced in this report. The base manifold M is taken as Riemannian manifold with (1+3) space time dimension and the structural group is (1+3)-dimensional co-Poincaré group introduced in section III A. The connection 1-form and curvature 2-form can be respectively taken as A given in (20) and F given in (19) , introduced also in section III A. The action integral of the Cern-Weil topological theory can be written as;
as given by equations (21) and (22) . In contrast with the BF gravitational theory, both forms Therefore, the system still has two dynamical d.o.f. after quantization.
be confirmed as
Metric tensor
Starting from the BRS-transformation of the metric tensor (40),
where anti-commutativity of the ghost filed is used.
Ghost field
Since the ghost field has two parts, nilpotent is checked separately. A tensor ∂ µ χ ν is also nilpotent as 
Spin form
One can trace the same calculation as a case of the vierbein form due to δ BRS dχ ab = 0.
Detailed calculations are omitted here.
Volume form
The volume form is global scalar and their BRS-transformation is expected to vanish, which can be confirmed as In the r.h.s of the first line, the second term is zero as itself, and first-and third-terms are cancelled each other. Therefore one can confirmed δ BRS [L G ] = 0 after summing up all terms.
If we use a following remake, we can give simpler proofs for above forms.
Remark
If both of two fields, α and β, are nilpotent, αβ is also nilpotent.
Proof:
If a field X is nilpotent, signatures of the Leibniz rule satisfy ǫ X = −ǫ δX due to δ BRS [δ 
Euler-Lagrange equations are obtained as follows:
This is the torsion-less condition as the the same as a case of the classical Lagrangian. 
where the anti-commutation among c, δc and b is used. 
where ǫ ab·· c · ∧ c · = 0 is used. This is not an equation, but an identity.
